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A connection which is both Einstein and semisymmetric is called an ES connec-
tion, and a generalized n-dimensional Riemannian manifold on which the differ-
ential geometric structure is imposed by a unified field tensor g;,, through an ES
connection is called an r-dimensional ES manifold and denoted by ESX,. We
investigate some necessary and sufficient conditions for submanifolds of ESX, to
be also Einstein and derive the generalized fundamental equations on various
submanifolds of ESX,, such as generalized Gauss formulas, generalized Wein-
garten equations, and generalized Gauss-Codazzi equations. We employ the use-
ful and powerful concept of C-nonholonomic frame of reference, introduced in
earlier work.

i. INTRODUCTION

Einstein (1950, Appendix II) proposed a unified field theory which,
while physically motivated, consists mainly of a set of geometrical postulates
for the space-time X,, the consequences of which he did not pursue
extensively.

Characterizing Einstein’s unified field theory as a set of geometrical
postulates in X4, Hlavaty (1957) provided its mathematical foundation.
Since then the geometrical consequences of these postulates have been devel-
oped by a number of mathematicians.

Generalizing X, to the n-dimensional generalized Riemannian manifold
X., the n-dimensional generalization of Einstein’s unified field theory has
been studied by Wrede (1958), Mishra (1959), Chung and Han (1981), and
Chung and Cheoi (1985). The latter two references particularly investigated
the n-dimensional generalization of Principle A using recurrence relations.

Recently, Chung and Cho (1987) introduced the concept of the »n-
dimensional £S manifold (denoted by ESX,), imposing the semisymmetric
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condition (2.9) given below, on X,,, and found the unique representation of
Einstein’s connection in a beautiful and surveyable form, (2.10). Many
results concerning the manifold ESX, have been obtained, such as conformal
change between ES manifolds (Chung and Cho, 1987), curvature tensors
and unified field equations on ESX,, (Chung and Lee, 1988), and generalized
fundamental equations for the hypersubmanifolds of ESX, (Chung and Lee,
1989). In particular, the new concept of C-nonholonomic frame of reference
introduced by Chung et al. (1989) is a very powerful tool in the study of the
geometry of submanifolds of ESX,,.

The purpose of the present paper is to derive generalized fundamental
equations on the submanifolds of ESX,, employing the C-nonholonomic
frame of reference. Briefly, the organization of the present paper is as follows.
Section 2 introduces some preliminary concepts, results, and notations. Sec-
tion 3 is devoted to the derivation of several useful identities which hold on
the submanifolds of X,, and ESX,,. In particular, we investigate some neces-
sary and sufficient conditions for the submanifolds to be also Einstein. In
Section 4 we derive the generalized fundamental equations on the submani-
folds of an ESX,—generalized Gauss formulas, generalized Weingarten
equations, and generalized Gauss—Codazzi equations. They will be presented
in surveyable and refined forms. In Section 5 the previous results are special-
ized to two special submanifolds of ESX,,, hypersubmanifolds and tangential
submanifolds defined to be those to which the ES vector is tangential. We
note that the fundamental equations of hypersubmanifolds of ESX, coincide
with those obtained by Chung and Lee (1989).

All considerations in the present paper deal with the general case n>2
and all possible classes and indices of inertia.

2. PRELIMINARIES

This section is a brief collection of definitions, notations, and basic
results used in subsequent considerations. The detailed proofs are given in
Chung and Cho (1987), Chung and Lee {1989), Chung ef a/. (1989), and
Hlavaty (1957).

2.1. The Manifolds X,

The usual Einstein n-dimensional unified field theory is based on a
generalized n-dimensional Riemannian manifold X, a generalization of the
space-time X4, which is referred to a real coordinate system y” and obeys
coordinate transformations® y* — 7* for which Det(8j/dy) #0.

*Throughout the paper, Greek indices are used for the holonomic components of tensors
in X,. They take the values 1, ..., n and follow the summation convention.
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The algebraic structure on X, is imposed by a general nonsymmetric
tensor gy, called the unified field tensor. It may be split into a symmetric
part h,, and a skew-symmetric part kj,:

=Ptk 2.
where ‘
g=Det(ga,) #0, b=Det(h,,)#0 2.2)
We may define a unique tensor 4*" by
h i =5 (2.3)

The tensors #,, and A" will serve for raising and/or lowering indices of
holonomic components of tensors in X, in the usual manner.

The differential geometric structure on X, is imposed by the tensor g,
by means of a real connection I';,, which satisfies the transformation rule

fy, =2 (Zﬁ gi o yazlg; ) (2.4)
and the system of Einstein equations
008~ Tiugou— Tug1a=0 (2.5a)
or equivalently
Dogiu=2Suw"gsa (2.5b)

Here D,, denotes the symbolic vector of the covariant derivative with respect
to I';, and

S =T (2.6)

is the torsion tensor of I',.

The connection I';, will be called Einstein, since it is a solution of (2.5).
Thus, our manifold X, is endowed with a unified tensor field g;, in the first
and is connected by an Einstein connection I}, in the second.

A procedure similar to Christoffel’s elimination applied to the symmet-
ric part of (2.5b) yields that if the system (2.5) admits a solution T}, it
must be of the form (Hlavaty, 1957)

I’,{,,———{,{y}-%S,-w"%- Uvg_y (27)
where {;,} are the Christoffel symbols with respect to /,, and

U= thsa(lpku)ﬁz 2kﬁ(/lSu)vﬁ (2.8)
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2.2. The Manifolds ESX,

A connection I';, is said to be semisymmetric if its torsion tensor is of
the form

S,l,l"=25[",1XM (29)

for an arbitrary vector X, #0. A connection which is both semisymmetric
and Finstein is called an ES connection. An n-dimensional ES manifold,
denoted by ESX,, is a manifold X, on which the differential geometric
structure is imposed by g, through the ES connection I'},.

It has been shown that the ES connection I';, must be of the form
(Chung and Cho, 1987)

o= {4} +2ka "X,y +260X 4 ‘ (2.10)

It has also been shown that in an X, there always exists a uniquely deter-
mined ES connection I';, with a unique ES vector X, satisfying (Chung and
Cho, 1987)

Vokout PoppX,;=0 (2.11)
Here
Pu=Pkp~tiu,  Phi=ki%e, (2.12a)
is a symmetric tensor with
Det(P,,) #0 (2.12b)

2.3. The C-Nonholonomic Frame of Reference in X, at Points of X,

This section deals with a brief introduction of the concept of the C-
nonholonomic frame of reference in X, at points of its submanifold X,.,
m<n (Chung et al., 1989).

Agreement 2.1. In our further considerations in the present paper, we
use the following types of indices:

(a) Lowercase Greek indices e, f3, 7, . . . , running from 1" to » and used
for the holonomic components of tensors in X,,.

(b) Capital Latin indices 4, B,C, . . ., running from 1 to » and used for
the C-nonholonomic components of tensors in X, at points of X,,,.

(c) Lowercase Latin indices i, j, , . . . , with the exception of x, y, and
z, running from 1 to m (<n).

(d) Lowercase Latin italic indices x, y, and z, running from m-+1 to .

The summation convention is operative with respect to each set of the
above indices within their range, with the exception of x, y, and z.
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Let X, be a submanifold of X, defined by a system of sufficiently

differentiable equations
Y=y LX) (2.13)

where the matrix of derivatives By =38y"/0x’ is of rank m.
At each point of X,, there exists the first set {B;, ]}Y "} of n linearly

independent nonnull vectors. The m vectors By are tangential to X,, and the
n—m vectors N' are normal to X,, and mutually orthogonal. That is,

hapBiNP=0, hagiy"zyv%o for x#y (2.14a)

The process of determining the set {])\[ "} is not unique unless m=n—1.
However, we may choose their magnitudes such that

haN“NP= ¢, (2.14b)

where &,=z%1 according as the left-hand side of (2.14b) is positive or
negative.
Put

B, if A=1,...,m (=i
EY= ' m (=0) (2.15)
])yv, if A=m+1,...,n (=x)

Corresponding to the first set {EY} of # linearly independent vectors, there
exists a unique second set {E4} of linearly independent vectors at points of
X, such that

E{E} =6}, EiE}=6% (2.16)

Putting

BL, if A=1,... =i
pac{Bn i Lo.om (=) (2.17)

N,l, if A=m+1,...,n (=Xx)

We note that the vectors B, and N, are also tangential and normal, respec-
tively, to X, in virtue of Theorem 2.3.

Now, we are ready to introduce the following concepts of C-nonholo-
nomic frame of reference and induced tensors.

Definition 2.2. The sets {E4} and {E#} will be referred to as the C-
nonholonomic frame of reference in X, at points of X,,. This frame gives rise
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to C-nornholonomic components of tensors in X,,. If T} are holonomic com-
ponents of a tensor in X,, then at points of X,, its C-nonholonomic
components T4 are defined by

T3 =T§ Ei---Ef- - (2.18a)
In particular, the quantities
T, =T§By-- B (2.19)

are components of a tensor in X,, and are called the components of the
induced tensor of T3 on X,, of X,,.
In virtue of (2.16), an easy inspection shows that

Ty =T# EY---EZ2--- (2.18b)

The following theorems and remark are consequences of the powerful
C-nonholonomic frame of reference.

Theorem 2.3. The tensors B!, B;, NY, N;, and

BY=B.B' (2.20)

are involved in the following identities:

BiBI=8, N.N°=8, BN“=NB=0 (2.21)
Bi= B b, f(ff &N, (2.222)
BI=Bih"h;,  N'=&N" (2.22b)

h°Bi=h'B},  hy,Bf=h,B; (2.23)
Bi=3}-¥ NN® (2.242)
BiN,=BIN=0 (2.24b)

BiBi=B., BLB°=B!, B.Bi=B! (2.24c)

Theorem 2.4. At each point of X, any vector X, in X, may be expressed
as the sum of two vectors X;B; and ) X,.N,, the former tangential to X,
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and the latter normal to X,,. That is,

Xi=X.Bi+Y X.N, (2.252)
or equivalently
X'=X'B/+Y XN (2.25b)

where

Xi=XaB;zn XxxXa])Ya, Xx:‘:gx o
(2.26)
X'=X“Bj, X*=X"N,
Furthermore, X; (X') are components of a tangent vector relative to the

transformations of X,,, while X, (X7) is invariant relative to the trans-
formations of X, and X,,.

Theorem 2.5. The C-nonholonomic components /.45 of 4, and W8 of
K" are given by the matrix equations

hll T hlm \
E : 0
hm T hmm
(hag)=| , (2.272)
m+ 1
0
&n
hl] . hlm
E : 0
hml ... hmm
(h*%) = . (2.27b)
m 1
0
&y

Remark 2.6. The induced tensor g; of g, is given by
8 =gupBiB! (2.28a)
where its symmetric part h; and skew-symmetric part k; are

hy=hasB!Bl,  ky=k,sB¢B’ (2.28b)
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so that
gy=hyt+k; (2.29)

In the present paper, we restrict ourselves to submanifolds for which the
following condition holds:

Det(h;) #0 (2.30)

In virtue of the condition (2.30), we may define a unique inverse tensor #*
of h; by

hgi* = 8F (2.31)

It has been shown that 4™ is the induced tensor 4 of A*". That is, A= A",
Therefore, the tensors hy and h¥ may be used for raising and/or lowering
indices of the induced tensors on X,, in the usual manner.

2.4. The Induced Connection on X,, of X,

Definition 2.7. 1f T}, is a connection on X,,, the connection I'§ defined
by

Tj=By(B}+TsBiBYf), B§=7’ﬂ= (2.32)

is called the induced connection of T';, on X, of X,,.

It should be remarked that the torsion tensor S;* of the induced
connection T'§ is the induced tensor of the torsion tensor S,," of the
connection I';,. That is,

S, =S,,"BB’BL (2.33)

Furthermore, the induced connection {}} of {1} is the Christoffel symbol
defined by 4;. That is,

{5} =3O+ 6y = Gyhy) (2:34)

3. ANALYSIS ON THE SUBMANIFOLDS X, AND ESX,

The section is devoted to the derivation of several identities which hold
on the submanifolds of X,, and ESX,, . In particular, we prove the generalized
Gauss formulas and find some necessary and sufficient conditions for the
submanifolds of X, to be Einstein.
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In our subsequent considerations, we frequently use the following
C-nonholonomic components:

_—kxi=kaBBia])yB=gaﬂBiaz)yﬁ (3‘13)
Sy =—Si"=SusBIBIN, (3.1b)
U*y=U";= UyaﬂB?‘B,’-’])if,, (3.1¢c)

3.1. The Tensors f!,, and the Generalized Gauss Formulas

0
Let D; be the symbolic vector of the generalized covariant derivative
with respect to x’s. That is,

0
DB = Bjj+T},BiB] ~ "B} (3.2)

0
Theorem 3.1. The vector D;B{ in X, is normal to X,, and is given by

0 x
D;Bi' =~} Q;N* (3.3)
where
x 0 x
Q;=—(D;B)N, (3.4)

Proof. In virtue of (2.32), multiplication by B on both sides of (3.2)
shows that DB“ 1s normal to X,,. The relation (3.4) follows from (3.3)
by multiplying by N on both sides of (3.3) and making use of (2.21).

The tensor Q,J will be called the generalized coefficients of the second
Sfundamental form of X,,.

Theorem 3.2. The tensors SXEU are the induced tensors of D/;X’a on X
of X,. That is,
Qy=(DpN,) BBl (3.5)

Proof. Substituting (3.2) into (3.4) and making use of (2.21) and the
relation

0= 0, B*N,) = B2N,+ (3,N,) B*B’
we have (3.5).
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Ay= (VN BB (3.6)

be the generalized coefficients of the second fundamental form with respect
to the Christoffel symbols {;,}. Here Vg denotes the symbolic vector of the
covariant derivative with respect to {1,.}.

Theorem 3.3. The coefficients EXZ,, of the submanifold X, are given by

fz,»j=/x\,~j—S,-jx— U*y (on an X,, of X)) (3.7a)
Q;=A;—2eXuk).  (on an X,, of ESX,) (3.7b)

Proof. In virtue of (2.7), (3.5), (3.6), and (3.1), the relation
(3.7a) follows:

Q= (DsN.) BB!
= [0pNu=({p} + Sop”+ U7op) N1 BIBY
= /)i,,— Sy = Uy
In virtue of (2.9), (2.22), and (3.1), on an X, of ESX, we have

Sijx=0, Ux,'j=2X(,'kj)x=28XX(ikj)x (38)
since k;" = g.k;.. Now, the substitution of (3.8) into (3.7a) gives (3.7b).
Now, we are ready to state the following generalized Gauss formulas
for submanifolds of X, and ESX,. They are direct consequences of (3.3)
and (3.7).
4]
Theorem 3.4. The tensor D;B; satisfies the following identities:
0 x
D,-B?z—; (Ay— Sy — U",-j)]y" 3.9)
(Generalized Gauss formulas for an X,, of X,,)
¢ x
DB =% (—Ay+ eXikp)N* (3.10)
(Generalized Gauss formulas for an X, of ESX,)

Remark 3.5. Note that the tensor z\,»j defined by (3.6) is symmetric.

Therefore, in virtue of (3.7), we see that Q; is symmetric on an X,, of ESX,,
while it is not symmetric on an X,, of a general X,,.
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3.2. Analysis on the Submanifolds of X,

In this section, we prove several relations which hold on the submani-
folds X,, of X, and present two necessary and sufficient conditions for the
induced connection to be an ES connection.

Theorem 3.6. On an X,, of X, the induced connection Ff§- of I';, is of
the form

= {7} +8;+U"; (3.11)

where S;* and U* are respectively the induced tensors of S;,” and U"y,.

Proof. In virtue of (2.19) and (2.32), our assertion (3.11) may be
obtained by substituting (2.7) into (2.32).

Although the tensor U",, takes the form (2.8), its induced tensor U*;
does not take the same form in general.

Theorem 3.7. On an X,, of X,,, the induced tensor U*; is of the form
Uk,'jz 2hquq(,'pkj)p = 2kp(,‘Sj)kp (3 12)
if and only if the following condition holds:

;Sgk"kaﬁo or  ThuSy =0 (3.13)

Proof. In virtue of (2.8), (2.19), (2.24a), and (3.1), we have
U*;=U",,B'B!Bt="2kg,S,,"* B} B/ B}

2k,:S)* =2k 1S,y * BB} B! B
= Uklj+ 2 g S(ijxk,‘)x

from which our assertion follows.

Remark 3.8. The following statements are direct consequences of
Theorem (3.7).

(a) On a submanifold X,, of ESX,, the tensor U"‘,j always takes the
form

U*;=2KS, Pkyp =2k X, (3.14)

since the condition (3.13) holds in virtue of (3.8).
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(b) A manifold X, is called an EM manifold if it is connected by an
Einstein connection I';, of the form

r{yz {).‘;1} +25XX;4_28}41XV (3.15)

for an arbitrary vector X;. In this case, the relations (2.18a), (3.15), and
(2.21) give

i = Sy BIBEN, = 265X, — knu X VBIBL N
= _2k]kX *

Hence, a necessary and sufficient condition for the tensor U kij to be of the
form (3.12) is

0= ; kx(,'Sj)kX =-2 ; Xxkx(,'kj)k

One such case is that the vector X, be tangential to X,, (i.e., X*=0).

Theorem 3.9. On an X,, of X,,, the induced tensor of D,g;, may be
given by

where Dy is the symbolic vector of the covariant derivative with respect
to T'%.

Proof. In virtue of (2.14a), (3.1), and (3.3), our assertion follows in the
following way:

0 0
Dy gi=Drgy= Dy( gauBfB,’-‘)
0 0 0
= (Dkgl[l)Bt,:LB;l + glu((DkB;:L)Bjy + B?.DkB}“J)

= (Dogu) B/ B/ BE = 83 L (QulV "B} + QuN*BY)
= (Dwglu)B?Bj“lBIac"' kly Z (_éikB;']y” + éjkB,}'b])YH)

=(Dog1,) B! B/BY - 2 Kt L0

The following theorem is an immediate consequence of Theorem 3.9.
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Theorem 3.10. On an X, of X, the induced tensor of V,g;,=V,k,, 18
given by

(Vokz) B-B*BY=Viky+2 T kA (3.17)

where V, is the symbolic vector of the covariant derivative with respect
k
to {;}.
Let Pk; be the induced tensor of Pk;,=k;%k,,. That is,
Of, =, BB
Theorem 3.11. On an X, of X,,, the induced tensor of (2)1%, is given by
(Z)EI_jz (2)kij+ ; kixkxj

=%, =Y ek (3.18)

where
Ohy=kl'ky
Proof. In virtue of (2.19), (2.20), (2.24a), and (3.1), the relation
(3.18) follows in the following way:
(Z)kij =klky= klukaﬁB?ij (52 - ZX: ];YGNM)
=k~ Tkl

In the following two theorems, we prove two necessary and sufficient
conditions for I} to be Einstein. If the condition (3.19) [or (3.21)] is satisfied
on an X,, of X,,, then the induced connection Ff;- is an ES connection in virtue
of Theorems 3.6 and 3.12 (or Theorem 3.13).

Theorem 3.12. On an X,, of X,, the induced connection l"fj- is Einstein
if and only if the following condition holds:

Y (Quk— Quikic) =0 (3.19)
Proof. In virtue of (3.2) and (3.3), we have

Bj+T%,BlB/=T4Bi— Y QN (3.20)
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Hence, if T is Einstein, then the relations (2.32), (2.20), (2.24a), (3.20),
(2.1), (2.14a), (2.21), and (2.5a) give

0=0rgy—Thg,— T4 8

= 0u(gupBiB?) — (Bs+T5,BIBY)g15B° (6 =y N N )

— (By+ r;ﬁBZB,P)gauB,-“(aﬁ -y Jy"z’%)
=(0,8up— Tiy&ep— T7p80c) BIB/BY

+ (r{ka;—zyj Qu £>kaf LN,

+ (r;;jB;—; Quly ) -5 N*N,
) (Ques — k)

The converse statement may be proved similarly, taking the reverse
steps of the above calculations.

Theorem 3.13. On an X, of X,,, the induced connection I"f;- is Einstein
if and only if the following condition holds:

2 Gty = S ki) =0 (3.21)

Proof. If T fj is Einstein, then the relations (2.5b), (3.16), (2.19), (2.20),
(2.24a), and (3.1) give

0=D.g;— 258
= —‘2 Z kx[jQi]k + (Dwgl,u - 2SwﬂaglﬁB£)B;lBij/?
=2 T kutjQupc+ 2 T (S BLBINo) (815BI N7
=2 ; (kx[i Qj]k - Sjkxkix)

The following two theorems are direct consequences of the above two
theorems.
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Theorem 3.14. 1f the induced connection T'§ of T'}, on an X, of X, is
Einstein, then the following condition holds:

2 Qe+ Sp k=0 (3.22)
Proof. If F’,‘, is Einstein, then the conditions (3.19) and (3.21) hold. Our

assertion immediately follows by subtracting (3.19) from (3.21).

Theorer);cfz 3. ){5. Let X,, be a submanifold of X, with symmetric

coefficients Q,;= ;. If the induced connection I'§ is Einstein, then the follow-
ing condition holds:

Y Siky=0 (3.23)
Proof. This assertion follows immediately from (3.22).

3.3. Analysis on the Submanifolds of ESX,

In this section, we investigate consequences of the results of the previous
section. In virtue of (3.8) and Remark 3.5, we note that on an X,, of ESX,
the following relations always hold:

S =0 (3.24)
Q,=Q, (3.25)

Theorem 3.16. On an X, of ESX,, the induced connection T’} is of the
form

0= {i} +260X,+ 2k "X, (3.26)
Hence, the induced connection is also semisymmetric.

Proof. This assertion follows by substituting (2.9) into (3.11). Refer
to (3.14). '

Theorem 3.17. On an X,, of ESX,, a necessary and sufficient condition
for the induced connection I'§ to be Einstein is

Y ki Q=0 (3.27)

Proof. This assertion is an immediate consequence of (2.21) and (3.24).

Remark 3.18. In virtue of Theorem 3.17, we note that the condition
(3.27) is satisfied on a submanifold X, of ESX, which is Einstein. However,
it has not been proved that the condition (3.27) is identically satisfied on
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every X, of ESX,. Although this difficulty still exists and it is an open
problem, we believe that the following statement is true:

Every submanifold X,, of ESX, is Einstein, so that it is also an ES
manifold

It seems that this statement may be proved by a line-geometric method.
In our further considerations, we use the symbol ESX,, to denote those
submanifolds X,, of ESX, which satisfy the condition (3.27).

Remark 3.19. Note that the condition (3.19) or (3.27) was already
obtained by Chung et al. (1989, p.864) and named the ES identity in
Theorem 4.5, stating that on every X,, of ESX, the condition (3.27) holds
identically. However, as we see in Remark 3.18, it is a wrong result at the
present time. This wrong result had been obtained from the misassumption
that on an X,, of ESX, the induced tensor of D,g,, is Drg;. But this was
found to be a wrong assumption in virtue of (3.16). As we remarked in
Remark 3.18, there is no way to prove that the second term of the right-
hand side of (3.16) identically vanishes on every X,, of ESX,,.

Theorem 3.20. On an ESX,, of ESX,, the following relations hold:

2 k=0 (3.28)
; kM= ki ki X)) (3.29)
Digy=(Dugs,)Bi BB (3.30)
Viky= (Voks)BIBIBE+2 Y ki'ku i Xy (3.31)

Proof. Since ESX,, is Einstein, the relations (3.28) and (3.30) are
respectively direct consequences of (3.27) and (3.16). The relation (3.31)
follows from (3.17) and (3.29). In order to prove the relation (3.29), we first
note that

—kxiij + kxjkix = Ex(“kxiij + kxjkix) =0

The relation (3.29) immediately follows by substituting (3.7b) into (3.28)
and using the above relation.

Theorem 3.21. On an ESX,, of ESX,, the following identity, the corre-
sponding induced equation of (2.11), holds:

Viky+ 2P X;1=0 (3.32)
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where
Py=%k;—h; (3.33)

Proof. Let P, be the induced tensor of P,;. Multiplying by B/BY on
both sides of (2.12a) and making use of (3.18) and (3.23), we have

Pri= PoaBIBY =Pl — = Piu= Y ki ks (3.34)
Hence, multiplying by B?Bj‘B,‘? on both sides of (2.11) and making use of
(3.31) and (3.34), we have that equation (3.32) follows:
0=(V,ki,) B B' B+ 2P X,
= (Voks)BIB!BY+ 2P X1~ 2 Y kihoe X))

= kaij+ 2Pk[,-Xj)

4. THE GENERALIZED FUNDAMENTAL EQUATIONS FOR
SUBMANIFOLDS OF ESX,

This section is devoted to the derivation of the generalized fundamental
equations for submanifolds of ESX,, such as the generalized Weingarten
equations and Gauss-Codazzi equations. The generalized Gauss formulas
were already obtained in (3.10). Formally, we state the following result.

Theorem 4.1. (The generalized Gauss formulas for an X, of ESX .) On
an X,, of ESX,, the following relations hold:

DBI=Y (~Ay+ 28X ikp) N (4.1)
In order to derive the generalized Weingarten equations, we need the
following preparations.
. Let
M O = D N (4.2)
Theorem 4.2. The vector lj\ﬂ “ may be decomposed as

a__ Ipo YAara
M MB,+;|I\,){I N (4.3)

the first vector being tangential to X, and the second normal to X,,.
Furthermore, M’ is also the induced tensor of D, N“ and M ¥ is the induced
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vector of (D, N ")](f,,. That is,
JI\){I = M “Bi= (D, N *)B.B! (4.4a)
M =M N, = (DN IN)B] (4:4b)
Proof. The first assertion (4.3) follows from Theorem 2.4. The relations
(4.4) are obvious in virtue of (2.19).
Theorem 4.3a. On an X,, of ESX,, the induced vector lj\)/cl"of Ij\){l“ is
given by
M= ™A+ 2k X+ 81X, (4.52)

Proof. In virtue of (4.4a), (2.10), and (2.21), we have
M‘=[0,N"+ ({5} + 28X, + 2k(."X )N *1B3B}

=(V,N?)BiB! — X.6;+ 2k(."X )N *BiB} (4.6)

Using (2.22a), (2.23), and (3.6), the first term of (4.6) may be written as
(first term)=(V, N A" B;B]

= e (VN )BEBI = £ Ay (4.7)
In virtue of (2.23), the third term of (4.6) is
(third term) = (k"N “B)(X,B] ) + (k,”ByB} )(X N °)

=h" ko X+ KX (4.8)
We now substitute (4.7) and (4.8) into (4.6) to obtain (4.5a).
Theorem 4.3b. On an X,, of ESX,, the induced vector M" of M" is
given by

M= " QX = 31X+ X o (4.5b)

Jjx

Proof. In virtue of (3.7b), the first term of (4.5a) may be written as

EH Ay = " Qs+ 20" X (ki

Now, the representation (4.5b) follows by substituting the above relation
into (4.5a) and making use of the skew-symmetry of &, .
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The following abbreviation will be used in our further considerations:

H,= &V, NN, (4.9)
Theorem 4.4. The tensor Ely satisfies the relation

(4.10a)

wIw
<

+
N Y
~

i
<o

In particular,

%L x

,=0 (4.10b)

Proof. The relation (4.10b) is a direct consequence of (4.10a). The
relation (4.10a) follows from (4.9) and

0=V, (hagl *N ") = &(V,N )N+ £V, N )N,

Theorem 4.5. On an X,, of ESX,, the C-nonholonomic components
My of 'j\ﬂ “ are given by

M= &H B + 62, + 2k /X, @.11)

Proof. Making use of (2.10), (4.9), (2.21), and (2.26), we can obtain
the expression (4.11) obtained from (4.4b) as follows:

y
M? = (D,NHNB]
Y Y
=(V,NP)NB} +2(8"X ko’ X ) )N“NpBY
= &,H,B] + 81X, B)) + (k!N N)(X,B]) + (k. BIN) (XN )
= &, H, B/ + 8K, + kX, H kX

Now, we are ready to present the following two representations of the
generalized Weingarten equations for an X, of ESX,,, by simply substituting
(4.5a), (4.5b), and (4.11) into (4.3).
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Theorem 4.6. On a X,, of ESX,, we have

0 X . .
Dj])ya= (8xl’llmAmj+ 2X(xkj)l_ 5;XX)B:1

b

+2 (SYUVBJ?/-F 53X+ 2k(jyXx))]ya (4.12a)
¥

(The first representation of the generalized Weingarten equations on an X,
of ESX,)

0 L . . .
DN"=(gh""Qp+kyX ' 8;X .+ k;X.)Bf
+3 (6,H,B+ 81X+ 2k X )N (4.12b)

(The second representation of the generalized Weingarten equations on an
X, of ESX,)

In the derivation of the generalized Gauss—Codazzi equations, we need
the following curvature tensors R,,;" of ESX, and Ry of X,,:

Ripi” =200 fhjen + Tl ) (4.13)

R =20 gy + Tl ) (4.14)

Theorem 4.7. (The generalized Gauss-Codazzi equations for an X, of

ESX,.) On an X,, of ESX,, the curvature tensors defined by (4.13) and
(4.14) are involved in the following identities:

Ry =Ry, ."BB!B;B:

+2F Qi Q™ = S X+ k" X+ kX (4.15)
(The generalized Gauss equations for an X,, of ESX,,)

0 x X x
2D[ij],' = RﬁygaBisB}/BENa + 69,'[ka]

y x
+2 ZQilk(B}/]ex';'fl'Xj]kyx"'kj]X ) (4.16)
v

(The generalized Codazzi equations for an X, of ESX,)
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Proof. 1n virtue of (3.2), (3.3), (4.13), and (4.14), we have

0 0 0 0
2DyDj B = 2[0u(DjB7) ~ Ty (DmBY)
1} 0
~T7(DjBy) + T3,(D;Bf) Bl

=~ R "BIB/B{+ Ry"Bou+4 Y QuXuN®  (417)

where use of the relation S;™ =28;," X}, has been made in the above lengthy
calculations. On the other hand, the relations (3.3) and (4.12a) and the

symmetry of fz,, give
0 0 0 X
2DyDjBi=—23, Dyl(82:%)
0 X a X 0
=2 ; (D Q)N +2 Z QuDjN*®
0 x x
=2 (D Qi+ QX N®
+2 Y QuBlieH,+ Xk + kP XN
Xy x
+2 Z Q,-[k(ﬂj]mé‘xhpm - 65’}Xx + kj]xXp -+ kj]pr)B; (418)
Hence, comparing (4.17) and (4.18), we have
0 x x
Ry;"By,= Ry, "B{B/Bf +2 Y (D, Quy+ 3Qu XN
+2 Y Qu(BleH,+ Xk + DN
Xy x
+ 2 Z Qi[k(Qj]mSX " 6JP}XX + kj]xXx + kJ]pr)Bg (4 19)

Making use of (2.21), the identity (4.15) follows by multiplying both sides
of (4.19) by B and interchanging the indices i and k. Similarly, multiplying
N, into both sides of (4.19) and replacing the indices x by y and z by x, we
have (4.16).
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Remark 4.8. Note, in particular, that on an ESX,, of ESX, the terms
25 QupkpeX " of (415)  and  2Y Quky X" of (4.16)
x y

vanish in virtue of the identity (3.28).

5. TWO SPECIAL SUBMANIFOLDS OF ESX,

In this section, we introduce two special submanifolds of £SX,, namely,
hypersubmanifolds and 7 submanifolds, and investigate their properties with
particular emphasis on the specialization of the results obtained in the previ-
ous section.

5.1. Hypersubmanifolds of ESX,

When the dimension of X, is m=n— 1 (namely, for the case of hypersub-
manifolds), the theory of submanifolds assumes a particularly simple and
geometrically illuminating form. This simplification is mainly due to the fact
that under this circumstances there exists a unique normal N at each point
of X H-1

In this case, quantities used in the previous sections take the following
simpler forms and values:

&.=1 (5.1a)
N=N"9 N, N.=N, %N, (5.1b)
0,=0, 2 0, A=A, E A (5.1¢)
X, =X"=X,N*¥ ¢ (5.19)
ki=ki=ky € ki (5.1e)
kxyzkxy=krm=0 (Slf)

v n
H,=H,=0 (5.1g)

It may be easily checked that
k'=—k (5.2)

Theorem 5.1. (The generalized fundamental equations for an X,-, of
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ESX,.) On an X, of ESX,, the following identities hold:

&Bﬁ’: ~QuN®=(—Ay;+2X k) )N® (5.3)
(Generalized Gauss formulas)
DN = (K" A= X,k — §5+ $h/ ) B+ (9h;+ X, )N
= (" Qg+ X 'k — 5+ Pk )V BE+ (9k;+ X;)N® (5.4)
(Generalized Weingarten equations)
Ri" = Rpys"B B BiBh+ 2Qu( Q™ — §87 + bk +kpX")  (5.5)

(Generalized Gauss equations)

0
2D €= Rpyc"BI B BEN .+ 6QupX 1 + 24k (5.6)
(Generalized Codazzi equations)

Proof. In virtue of (5.1) and (5.2), the relations in this theorem follow
from (4.1), (4.12), (4.15), and (4.16), respectively.

Remark 5.2. Note, in particular, that the Gauss—Codazzi equations on
an ES submanifold of ESX, are the relations (5.5) and (5.6) with the vanish-
ing last terms in each equation, since in this case the identity (3.28) is reduced
to

k=0 (5.7)

Remark 5.3. In virtue of (2.18b), (2.15), (2.17), and (2.21), it may be
shown that the following relations hold on an X, of ESX,,:

k"N = kBl +Y kN (5.82)
b4

ks"Bf=1'BI+ Y kN (5.8b)
¥y

Using the relations (5.8) together with (5.1) and (5.2), it may be easily
checked that the generalized fundamental equations presented in Theorem
5.1 coincide with those obtained in Chung and Lee (1989).

5.2. T-Submanifolds of ESX,

A submanifold X,, of ESX, whose ES vector X, is tangential to X, at
each point of X, will be called a tangential submanifold of ESX, and will be
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denoted by TX,,. The simplification of TX,, is due to the fact that it satisfies
Xo=XB:,, X.,=0 (5.9a)
X'=X'B{, X*=0 (5.9b)

In fact, an X,,, of ESX,, is a TX,, if and only if any one of the relations in (5.9)
holds.
The following theorem gives an alternative characterization of 7.X,,.

Theorem 5.4. A necessary and sufficient condition for the ES vector X,
to be tangential to X, of £SX, at each point of X,, is that the basic tensor
g satisfies the following condition:

(V,,,k.,,,)]g“]y”=0 for all x, y (5.10a)
or equivalently
(Vok™)NNz=0  for all x, y (5.10b)

Proof. Suppose that the vector X is tangential to X,,. The condition
(5.102) immediately follows by multiplying by N AJyV # on both sides of (2.11).

Conversely, suppose that the condition (5.10a) holds for g,,. In order
to prove that the vector X, is tangential to X,,, it suffices to show that
X.=0. Let

wa=])yapwa

We first note that the (n—m) X n matrix (V %) and n x n matrix (P,,) are
respectively of rank n—m and n. Now, multiply by N ‘]y\’ # on both sides of
(2.11) to obtain

TeoX,=Tyu X« for all x, y

which is an identity for x=y. If we assume that X,#0 for all x, we must
have

X,
Tyw=; T e for all xs£y

This implies that the rank of the matrix (7,,) is less than n—m, which is a
contradiction to our previous discussion. Therefore, we have

X,V=Xazy“=0 for all x
The equivalence of (5.10a) and (5.10b) is obvious.

Now, in virtue of (5.1) and (5.9), the following theorem follows from
(4.1), (4.12), (4.15), and (4.16).
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Theorem 5.5. (The generalized fundamental equations for tangential
submanifolds of ESX,.) On cach of the following tangential submanifolds
of ESX,, we have

[y LA+ 2eXekpIN  onall TX,,
B = (5.11)
(—Ay+2X k)N on all TX, -,

(The generalized Gauss formulas)
( ) (&H B+ X,k + X )N
D*={ (eh™ A+ X,k )BE  on all TX,, G12)
k(;,""'Amj—X,-/Ic")B:»’ +X;N*  onall TX,_,
(The first representation of generalized Weingarten equations)
'Yy; (&H,B/+ Xk, +X,60N°
l‘))jzyaz x _ (5.12b)

+ (e Qi+ X'k )Bf  on all TX,,
(H"Q;+ X'k;)BE+ XN onall TX,_,
\

(The second representation of generalized Weingarten equations)
Ry"= Rg,."BB]BiB,

-

2y Qe+l X" (on TX,)

N I (on TESX,)  (5.13)
204 Q™ + kX ") (on TX, 1)
2K Dy (on TESX,-1)

(The generalized Gauss equations)

0 x x
2Dy, = Ry, ."BiBIBEN,

6Q,X +2 Q, «H yt ¢ m
n X1 Z (B 1‘9 Xpk,™)  (onall TX,,) (5.14)

6Q Xy (on all TX, 1)

(The generalized Codazzi equations)
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